Singularity theorems and the abstract boundary construction by Ashley, Michael
Singularity theorems
and
the abstract boundary construction
By
Michael John Siew Lueng Ashley
October 3, 2002
A thesis submitted for the degree of Doctor of Philosophy
of the Australian National University
Declaration
I certify that the work contained in this thesis is my own original research, produced
in collaboration with my supervisor – Dr Susan M. Scott. All material taken from
other references is explicitly acknowledged as such. I also certify that the work
contained in this thesis has not been submitted for any other degree.
Michael Ashley
i
ii
Dedication
To my Grandfather
iii
iv
Acknowledgements
I am sure that many doctoral candidates would agree with me that completing
a Ph.D. is not only an academic victory but a personal one as well. Since the
beginning of my doctoral studies many events have occurred which have allowed
me to develop both intellectually and personally. Indirectly, all these events have
contributed in some way to the content and form of this document and the research
contained within it. I have had the great fortune of meeting some of the most
amazing people. Unknowingly, these friends and colleagues have given me much
more than just academic guidance. I only hope that the following thank you-s do
justice to your generosity and kindness.
Thank you Susan Scott for providing me with guidance and looking after my
academic well-being. Susan, you have been an inspirational mentor and I thank you
for giving me just less than enough leeway to hang myself with if I got off track.
I thank the Australian American Educational Foundation who gave me the won-
derful opportunity to study Lorentzian Geometry abroad under the auspices of a
Fulbright Scholarship and in particular Lindy Fisher who helped me prepare for my
trip and Stephanie Fesmire who kept track of my progress in the United States.
I thank Professor John Beem, under whom I feel I spent my apprenticeship in
this field. Your kindness, guidance and wisdom meant alot to me and I can only
hope to live up to the expectations you wrote of me. I also thank the staff and
graduate students of the University of Missouri-Columbia and in particular Sandi
Athanassiou, Mark Hoffmann and Mike McGuirk. You all made me feel like Mizzou
was my home.
While in St. Louis, Associate Professor Steven Harris and his wife Mikki both
made me feel welcome while performing research at Saint Louis University. Mikki
was like a foster parent taking care of me in St. Louis and I will continue to cherish
her friendship. Steve’s keen questions kept me on my toes and always made me
mathematically honest. Meanwhile Matt Visser, Greg Comer and Ian Redmount
all provided me with a great academic environment to do research in.
After the States and all the ensuing turmoil of resettling in Australia I owe
alot to Liana Westcott and Tom O’Callaghan. Liana enthusiastically supported
me from the moment I returned and Tom has been the most faithful and constant
friend whilst teaching me alot more about life than I am probably willing to admit.
Meanwhile my network of friends have kept me sane and happy throughout it all
Jeremy, Soph, Vij, Kristy, Jules, Bec, Eileen, Michelle, Timmeh, Jessie, Vivian and
v
Rumi (I apologise now since I am sure to have forgotten someone) have all been
there for me in some way and put me back on my feet when I have stumbled.
In the office, Geoff, Antony, and Ben have all suffered at the hands of my insane
relativity ravings and together we have survived incessant, frequent and annoying
office changes.
Lisa, Penny, Tia and Vicky have all at one stage transported me to and from
Uni, keeping me healthy in the process. They have been a constant source of sanity
and relaxation for a frustrated student and occasionally forced me out of bed in the
mornings.
Finally thank you Shirley for lovingly dealing with me and my thesis for the
past three years. I know you have supported and encouraged me in difficult times,
and despite my ranting and infuriating behaviour. I do not think that I could have
made it without you.
Mike Ashley
Canberra
October 2002
vi
Abstract
The abstract boundary construction of Scott and Szekeres has proven a practi-
cal classification scheme for boundary points of pseudo-Riemannian manifolds. It
has also proved its utility in problems associated with the re-embedding of exact
solutions containing directional singularities in space-time. Moreover it provides
a model for singularities in space-time — essential singularities. However the lit-
erature has been devoid of abstract boundary results which have results of direct
physical applicability.
This thesis presents several theorems on the existence of essential singularities
in space-time and on how the abstract boundary allows definition of optimal em-
beddings for depicting space-time. Firstly, a review of other boundary constructions
for space-time is made with particular emphasis on the deficiencies they possess for
describing singularities. The abstract boundary construction is then pedagogically
defined and an overview of previous research provided.
We prove that strongly causal, maximally extended space-times possess essen-
tial singularities if and only if they possess incomplete causal geodesics. This result
creates a link between the Hawking-Penrose incompleteness theorems and the ex-
istence of essential singularities. Using this result again together with the work of
Beem on the stability of geodesic incompleteness it is possible to prove the stability
of existence for essential singularities.
Invariant topological contact properties of abstract boundary points are pre-
sented for the first time and used to define partial cross sections, which are an
generalization of the notion of embedding for boundary points. Partial cross sec-
tions are then used to define a model for an optimal embedding of space-time.
Finally we end with a presentation of the current research into the relationship
between curvature singularities and the abstract boundary. This work proposes
that the abstract boundary may provide the correct framework to prove curvature
singularity theorems for General Relativity. This exciting development would cul-
minate over 30 years of research into the physical conditions required for curvature
singularities in space-time.
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